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Abstract It is shown that the specific “charge conjugation”
transformation used to define the Majorana fermions in the
conventional seesaw mechanism, namely (νR)C = CνR T for
a chiral fermion νR (and similarly for νL ), is a hidden sym-
metry associated with CP symmetry, and thus it formally
holds independently of the P- and C-violating terms in the
CP invariant Lagrangian and it is in principle applicable to
charged leptons and quarks as well. This hidden symmetry,
however, is not supported by a consistent unitary operator and
thus it leads to mathematical (operatorial) ambiguities. When
carefully examined, it also fails as a classical transformation
law in a Lorentz invariant field theory. To distinguish it from
the standard charge conjugation symmetry, we suggest for it
the name of pseudo C-symmetry. The pseudo C-symmetry is
effective to identify Majorana neutrinos analogously to the
classical Majorana condition. The analysis of CP breaking
in weak interactions is performed using the conventional CP
transformation, which is defined independently of the pseudo
C-transformation, in the seesaw model after mass diagonal-
ization. A way to ensure an operatorially consistent formula-
tion of C-conjugation is to formulate the seesaw scheme by
invoking a relativistic analogue of the Bogoliubov transfor-
mation.
1 Introduction
Recent impressive developments in neutrino physics are well
summarized in [1–7]. The main remaining issue is a better
understanding of the extremely small neutrino masses, and
the seesaw mechanism [8–11] provides a convenient frame-
work to analyze this fundamental problem. The Lagrangian
of the seesaw mechanism is left-right asymmetric, and thus
the conventional parity is broken. If one assumes CP invari-
ance, then the charge conjugation C is substantially bro-
ken. On the other hand, the exact solutions of the seesaw
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Lagrangian are the Majorana fermions that are the exact
eigenstates of the charge conjugation by definition. It is thus
obvious that the charge conjugation used to define the Majo-
rana fermions in the seesaw mechanism cannot be identi-
cal to C, that defines CP and thus CPT of the starting see-
saw Lagrangian. Moreover, the customary charge conjuga-
tion used to define the Majorana neutrino in the conventional
seesaw scheme, when carefully examined, leads to mathe-
matical (operatorial) inconsistencies [12–14]. The purpose
of the present paper is to clarify these puzzling aspects.
In the following, we shall use the term charge conjuga-
tion in seesaw (and, later on, pseudo C-transformation) for
the operation used in defining Majorana neutrinos in the see-
saw scheme, and denote it by C˜ . This operation is explained
in more detail below. In contrast, we shall name standard
charge conjugation and denote it by C , the usual operation
of charge conjugation as it is stated in standard textbooks on
field theory [15,16].
The standard definitions of classical C, P and CP trans-
formations for a Dirac field ψ(x) are given by [15,16]
C : ψ(x) → ψC (x) = CψT (x),
P : ψ(x) → iγ 0ψ(t,−x),
C P : ψ(x) → iγ 0Cψ(t,−x)T , (1)
where we use the specific “iγ 0-parity” instead of the more
common γ 0-parity for the reasons stated in Section 2 of the
paper. The charge conjugation matrix is C = iγ 2γ 0 in the
convention of Ref. [15]. The transformation laws for the chi-
rally projected components of the Dirac field are defined by
C : ψL ,R(x) → ψCL ,R(x) = CψR,L T (x),
P : ψL ,R(x) → iγ 0ψR,L(t,−x),
ψCL ,R(x) → iγ 0ψCR,L(t,−x),
C P : ψL ,R(x) → iγ 0CψL ,R(t,−x)T . (2)
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We recall that, if νL is a left-handed spinor, then CνL T is
right-handed. As C-conjugation as internal symmetry has to
conserve chirality, a salient feature of these transformation
laws is that we have the doublet representations for C and P,
i.e. left- and right-handed fields are mixed. This is intuitively
easy to understand, because charge conjugation is an internal
transformation, taking particle to antiparticle, while chirality
is a space-time property, identifying the SU (2) subgroup of
the Lorentz group SO(1, 3) = SU (2)L × SU (2)R under
which a certain two-spinor transforms nontrivially. On the
other hand, we have a self-consistent transformation law for
each chiral component in the case of CP symmetry. For these
reasons, it is a well-known fact that, for an independent Weyl
field, C and P transformations are undefined, while CP is
well-defined in the same way as above.
Let us recall also that, in Lagrangian field theory, we first
define a classical symmetry operation and then look for the
quantum operator to realize it by Noether theorem in the case
of continuous symmetries, or other methods. In any quantum
field theory, one should be able to define an operatorial real-
ization of the charge conjugation transformation. For a free
Dirac quantum field ψ(x), the unitary charge conjugation
operation is defined as
ψC (x) ≡ Cψ(x)C†, (3)
which acts on the creation and annihilation operators by
changing the operators for particle into operators for antipar-
ticle, without affecting their momentum and spin. The quan-
tum operator C is realized in terms of creation and annihila-
tion operators, according to a well-known prescription (see,
e.g., [15]). Naturally, the classical and quantum charge con-
jugation operations have to coincide, i.e.
ψC (x) ≡ Cψ(x)C† = CψT (x). (4)
In conclusion, the charge conjugation transformation of a
quantum Dirac field has both quantum and classical realiza-
tions and it mixes the left- and right-chirality components.
The conventional seesaw scheme [2,4–6] constructs a
Majorana fermion νM (which diagonalizes the mass term
of the Lagrangian) from a chiral fermion νR , for example, in
the manner
νM (x) = νR(x) + νC˜R (x), (5)
where
νC˜R (x) ≡ CνR T (x). (6)
It is clear that the definition (6) differs from what we would
expect for the charge conjugation of a chiral component (2).
For this reason, we denote this operation by C˜ and we shall
call it pseudo-C transformation (though in the literature it is
denoted by C and called C-conjugation proper). It satisfies
the relation
(
νC˜R
)C˜
(x) = νR(x) (7)
and the Majorana-type condition
νC˜M (x) = CνM T (x) = νM (x), (8)
in other words, it satisfies at least two properties analogous
to the standard classical charge conjugation.
Our purpose is to analyze in depth this atypical charge con-
jugation concept and determine whether it is a sound notion
in every respect. As we shall see below, the pseudo-C trans-
formation does not respect:
(i) the chirality conservation requirement;
(ii) the operatorial realization requirement, in other words
no quantum operator can be defined to implement the
same transformation as (6);
(iii) internal consistency as a classical operation on spinors.
Let us analyze each point of the above checklist:
(i) It is well known that the pseudo-C conjugation, being
defined for νL(x) and νR(x) separately, as in (6),
changes the chirality of the field. The charge conjuga-
tion in seesaw is thus insensitive to the left-right mass
asymmetry in the seesaw Lagrangian (see Eq. (12)).
This means that, were we able to find a quantum real-
ization of it, that would change a particle of a given
helicity to an antiparticle of the opposite helicity, there-
fore pseudo-C could not be an internal transformation.
(ii) Let us assume the existence of a unitary operator C
which satisfies CνR(x)C† = νC˜R (x). Then,
νC˜R (x) = CνR(x)C†
= 1 + γ5
2
CνR(x)C†
= 1 + γ5
2
CνR(x)
T = 0 (9)
and similarly for νL(x). Here we used the fact that
νR(x) = ( 1+γ52 )νR(x) and the left-handedness of
CνR T (x).1 This sequence of equalities shows that there
is a discrepancy between the classical definition of
charge conjugation in seesaw and a possible quantum
realization of it.
1 Incidentally, for this definition of the seesaw charge conjugation oper-
ator, we formally have CνM (x)C† = CνR(x)C† + C
(CνR(x)C†
) C† =
CνR(x)
T + νR(x) = νM (x).
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(iii) One finds further puzzling aspects arising from the
Ansatz (6). One can confirm that, using (5),
SMajorana = 12
∫
d4x νM [i  ∂ − m]νM
=
∫
d4x
{
νRi  ∂νR − 12ν
T
R CmνR
−1
2
νRmCνR T
}
=
∫
d4x
{
νRi  ∂ (1 + γ5)2 νR(x)
−1
2
νTR Cm
(1 + γ5)
2
νR + h.c.
}
. (10)
If one assumes a transformation rule of charge conju-
gation in seesaw
νR(x) → νC˜R (x) = CνR(x)T , (11)
as suggested by (6), it turns out that the first and sec-
ond expressions in (10) are invariant under the transfor-
mation, while the last expression leads to a vanishing
Lagrangian. We emphasize that the puzzling aspect in
(10) arises from the assumed classical transformation
rule (11), irrespective of the existence or non-existence
of the quantum operator C. Consequently, the example
(10) shows that even as a classical operation, the charge
conjugation in seesaw (6) is ambiguous.
Remark that the three expressions in (10) are identical
as long as one assumes the relation (5). The reason for the
vanishing of the last expression in (10) is that we use the sym-
metry (6) which is not consistently defined for chiral fields;
the symmetry is not compatible with the explicit presence or
absence of chiral projection operators (1 ± γ5)/2 in front of
chiral fields νR,L(x), namely, [(1±γ5)/2]νR,L(x) = νR,L(x)
in the Lagrangian.
Any sensible definition of parity reverses the chirality, and
thus the CP transformation defined as combination of the
above pseudo-C conjugation (6) and a suitable parity acts as
(
(νL(x))
C˜
)P ∝ γ 0CνR(t,−x)T ,
and thus cannot be a symmetry of weak interactions, for
example.
We thus see that the pseudo-C transformation (6) fails on
all three counts that we have listed as consistency checks for
this C-conjugation notion. These are mathematical facts. On
the other hand, when used in the conventional analysis of
the seesaw Lagrangian, pseudo-C transformation appears to
identify correctly the Majorana fermions. How comes then
that an ill-defined concept formally leads to correct results?
The basic technical reasons are that the operator condition
(9) has not been examined in practical applications and the
consistency of the last expression of the substitution rule (10)
has not been carefully checked in the past.
The purpose of the present paper is to identify the theoret-
ical origin of the pseudo-C conjugation (6) which appears to
work regardless of the formal violation of parity (left-right
symmetry) and thus the charge conjugation violation in the
CP invariant seesaw model after the diagonalization of the
neutrino mass terms. We shall show that the origin of the
pseudo-C conjugation (6) is in fact a hidden symmetry asso-
ciated with CP invariance, but the pseudo-C conjugation (6)
is derived from the CP symmetry with an arbitrary trunca-
tion of the CP symmetry operation in the seesaw model. This
explains the general validity of the pseudo-C conjugation (6)
in spite of the P and C violations in the CP invariant seesaw
model and, at the same time, its technical difficulties in the
operator condition (9) and the last expression of the substi-
tution rule (10). Actually, the pseudo-C conjugation can be
defined generically in the seesaw models, even if CP symme-
try is broken, because only the CP-symmetric quadratic part
of the Lagrangian is involved in defining pseudo-C transfor-
mation. We shall explain this in more detail at the appropriate
place. It will then be shown that a way to define the operato-
rially consistent C-symmetry and explain consistently how
Majorana neutrinos are defined in the seesaw mechanism is to
use a relativistic analogue of the Bogoliubov transformation
which has been formulated recently [12–14,17].
2 Derivation of pseudo C-symmetry
2.1 Seesaw Lagrangian
We study a generic Lagrangian for the three generations of
neutrinos,
L = νL(x)iγ μ∂μνL(x) + νR(x)iγ μ∂μνR(x)
−νL(x)m DνR(x) − (1/2)νTL (x)CmLνL(x)
−(1/2)νTR (x)Cm RνR(x) + h.c., (12)
where m D is a complex 3 × 3 Dirac mass matrix, and mL
and m R are 3×3 complex Majorana-type matrices. The anti-
symmetry of the matrix C and Fermi statistics imply that mL
and m R are symmetric. This is the Lagrangian of neutri-
nos with Dirac and Majorana mass terms. For mL = 0, it
represents the classical seesaw Lagrangian of type I. In the
following, we shall call the expression (12) as the seesaw
Lagrangian for the sake of generality.
We start with writing the mass term as
(−2)Lmass =
(
νR ν
C
R
) (
m R m D
mTD mL
) (
νCL
νL
)
+ h.c., (13)
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where
νCL ≡ CνR T , νCR ≡ CνL T . (14)
Note that νCL and ν
C
R are left-handed and right-handed,
respectively. Since the mass matrix appearing is complex
and symmetric, we can diagonalize it by a 6 × 6 unitary
transformation U (Autonne-Takagi factorization [18]) as
U T
(
m R m D
m D mL
)
U =
(
M1 0
0 −M2
)
, (15)
where M1 and M2 are 3 × 3 real diagonal matrices (charac-
teristic values). We choose one of the eigenvalues as −M2
instead of M2 since it is a natural choice in the case of a single
generation model.
We thus have
(−2)Lmass =
(
ν˜R ν˜
C
R
) ( M1 0
0 −M2
) (
ν˜CL
ν˜L
)
+ h.c., (16)
with(
νCL
νL
)
= U
(
ν˜CL
ν˜L
)
,
(
νR
νCR
)
= U 
(
ν˜R
ν˜CR
)
. (17)
Hence we can write
L = (1/2){ν˜L(x)i  ∂ν˜L(x) + ν˜CL (x)i  ∂ν˜CL (x)
+ν˜R(x)i  ∂ν˜R(x) + ν˜CR (x)i  ∂ν˜CR (x)}
−(1/2)
(
ν˜R ν˜
C
R
) ( M1 0
0 −M2
) (
ν˜CL
ν˜L
)
+ h.c., (18)
after transferring the possible CP violation contained in U
to the PMNS mixing matrix. In the present transformation
(17) in terms of a unitary matrix, one can confirm that the
conditions of canonical transformation ν˜CL = C ν˜R
T
and
ν˜CR = C ν˜L
T hold after the transformation [18].
It is natural to define C, P and CP for the chiral variables in
(18) following (2). Among those symmetry transformations,
the CP transformation
ν˜L (x)
C P = iγ 0C ν˜L (t,−x)T , ν˜R(x)C P = iγ 0C ν˜R(t,−x)T
(19)
is defined for theories only with ν˜L or ν˜R . In the present
problem, we later confirm explicitly that the Lagrangian (18)
is invariant under CP thus defined.
In the above definition of CP we adopted the transforma-
tion rule of “iγ 0 parity” which is defined, for a generic Dirac
field, by
ψ P (t, x) = iγ 0ψ(t,−x), (20)
such that ψ PL ,R(t, x) = iγ 0ψR,L(t,−x) (these formulas
were used to infer the classical transformation laws of chi-
ral fermions above). The non-trivial phase freedom of the
parity transformation in a fermion number non-conserving
theory has been analyzed by Weinberg [16]. This defini-
tion of parity operation is the natural choice in a theory
with Majorana fermions. The reason is that a Majorana
fermion ψM (x), which is classically defined by ψM (x)(x) =
CψM
T
(x), stays Majorana after parity transformation, i.e.
the parity transformation preserves the Majorana condition:
Ciγ 0ψM (t,−x) = iγ 0CψM (t,−x) = iγ 0ψM (t,−x) [12–
14]. The “iγ 0 parity” is crucial to assign a consistent intrinsic
parity to an isolated Majorana fermion.2
The Lagrangian (18) is then written in the form (by sup-
pressing the tilde symbol for the chiral states ν˜R,L )
L = (1/2){ψ+(x)i  ∂ψ+(x) + ψ−(x)i  ∂ψ−(x)}
−(1/2){ψ+M1ψ+ + ψ−M2ψ−}, (21)
where
ψ+(x) = νR + CνR T , ψ−(x) = νL − CνL T . (22)
These variables satisfy the classical Majorana conditions
Cψ+(x)
T = CνR T (x) + CCνR T
T
(x) = CνR T (x)
+νR(x) = ψ+(x),
Cψ−(x)
T = CνL T (x) − CCνL T
T
(x)
= CνL T (x) − νL(x) = −ψ−(x). (23)
It is thus legitimate to look for some operator C˜ which satisfies
C˜ψ+(x)C˜† = C˜νR(x)C˜† + C˜CνR T (x)C˜† = CνR T (x)
+νR(x) = ψ+(x),
C˜ψ−(x)C˜† = C˜νL(x)C˜† − C˜CνL T (x)C˜†
= CνL T (x) − νL(x) = −ψ−(x). (24)
From the comparison of (23) and (24), it may appear natural
to guess that the operator C˜ acts as follows:
C˜νR(x)C˜† = CνR T (x), C˜CνR T (x)C˜† = νR(x),
C˜νL(x)C˜† = CνL T (x), C˜CνL T (x)C˜† = νL(x). (25)
This is precisely the pseudo C-symmetry transformation we
discussed in (6). By the token of Eq. (9), an operator C˜ with
the above properties cannot be defined.
It is remarkable that the pseudo-C symmetry is formally
an exact symmetry of the Lagrangian (18), which is written
as (21), but operatorially undefined. We clarify the precise
nature of the pseudo C-symmetry in the following.
We emphasize that the quadratic seesaw Lagrangian (12)
is brought by diagonalization to the form (18) or (21) irre-
spective of the possible CP violation contained in the original
parameters. By the PMNS matrix, after diagonalization, the
2 In the full theory with charged leptons included, we assign the iγ 0-
parity to charged leptons, for example, e(x) → iγ 0e(t,−x) for the
sake of consistency, although the extra phase is cancelled in the lepton-
number conserving terms.
123
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CP violation is entirely transferred to the interaction terms.
The pseudo C-transformation identifies the Majorana neu-
trinos in the quadratic part of the Lagrangian, therefore the
discussion below is valid both for the CP-symmetric and CP-
violating cases.
2.2 Pseudo C-symmetry as hidden symmetry associated
with CP invariance
We shall examine now explicitly the CP-symmetry of the
Lagrangian (18), which is written by suppressing the tilde of
the chiral variables,
L = νL(x)i  ∂νL(x) + νR(x)i  ∂νR(x)
−(1/2){νTR C M1νR − νTL C M2νL + h.c.}. (26)
The analysis of CP invariance of the fermion number pre-
serving terms in the Lagrangian is the usual one. We thus
analyze the CP invariance of the fermion number violating
terms:∫
d4x LC Pf ermion−violating
=
∫
d4x[(1/2){iγ 0CνL(t,−x)T }T M2iγ 0CνL(t,−x)T
−(1/2){iγ 0CνR(t,−x)T }T (x)C M1iγ 0CνR(t,−x)T
+h.c.]
=
∫
d4x[(1/2){νL(t,−x)T }T (x)M2CνL(t,−x)T
−(1/2){νR(t,−x)T }T (x)M1CνR(t,−x)T + h.c.]
=
∫
d4x[(1/2)νTL (x)C M2νL(x)
−(1/2)νTR (x)C M1νR(x) + h.c.], (27)
where we used {iγ 0, C} = 0 and CT C = 1 [15]. This shows
the CP invariance, and we can promote the above CP trans-
formation rule (19) to a unitary operator in the context of the
Lagrangian (26):
CPνL(x)(CP)† = iγ 0CνL(t,−x)T ,
CPνR(x)(CP)† = iγ 0CνR(t,−x)T . (28)
Now we come to the crucial observation of the present
paper. We examine the CP transformation of the entire
quadratic Lagrangian (26), but stop after cancelling the fac-
tor iγ 0 and changing the integration variables −x → x . We
then have∫
d4x (CP)L(x)(CP)†
=
∫
d4x[CνL(x)T iγ μ∂μCνL(x)T
+CνR(x)T iγ μ∂μCνR(x)T
−(1/2){CνL(x)T }T (x)C M2CνL(x)T
−(1/2){CνR(x)T }T (x)C M1CνR(x)T + h.c.]
=
∫
d4xL(x). (29)
This relation shows a remarkable property, namely, the CP
invariance of the quadratic seesaw Lagrangian implies that
the action is formally invariant under the replacements
νL(x) → CνL(x)T ,
νR(x) → CνR(x)T , (30)
independently of the values of mass parameters. Note that this
symmetry is independent of space-time inversion, in spite of
the fact that it changes the chirality of the field. This is pre-
cisely what we suggest to be called the pseudo C-symmetry
(6) of the seesaw Lagrangian. A characteristic of the pseudo
C-symmetry as a hidden symmetry associated with CP invari-
ance is that it is defined for any CP invariant theory even if
the separate well-defined P or C symmetries do not exist.
Thus it is not influenced by the P and C violating left-right
mass asymmetry of the seesaw Lagrangian.
One can confirm that the relation (5) when νM (x) is treated
as an independent field is “covariant” under CP symmetry up
to the common factor iγ 0 on both sides together with spa-
tial inversion iγ 0νM (t,−x) = iγ 0[νR(t,−x)+νC˜R (t,−x)],
while the relation (5) is invariant under the pseudo C-
symmetry without any spatial inversion.
The pseudo C-symmetry is very general but unfortunately
formal as is seen in the identity, for example,
∫
d4xνL(x)iγ μ∂μνL(x)
=
∫
d4xνL(x)iγ μ∂μ
(
1 − γ5
2
)
νL(x). (31)
Both expressions in (31) are invariant under the CP sym-
metry (28), while the first expression is invariant under the
pseudo C-symmetry (30) but the second expression vanishes
under the same symmetry. It is important that the operatorial
inconsistency of the pseudo C-transformation in (9) does not
occur for the well-defined CP transformation in (28). We thus
understand the origin of the operatorial indefiniteness of the
pseudo C-symmetry as arising from the arbitrary elimination
of the factor iγ 0 of the CP transformation law (28) and thus
resulting in the absence of a consistent unitary operator (9)
and the inconsistency in (10).
By generalizing the above argument, the pseudo C-
transformation can be defined for any CP invariant quadratic
Lagrangian and thus for the Standard Model, if one wishes.
One can introduce the pseudo C-transformation for charged
leptons and quarks also; for example, in the case of the elec-
tron it will read:
123
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eL(x) → CeL(x)T ,
eR(x) → CeR(x)T . (32)
In contrast, the standard C transformation is defined by
eL(x) → CeR(x)T and eR(x) → CeL(x)T . The CP invari-
ant weak interaction Lagrangian (for a single generation
model, for simplicity) is written as
LW = (g/
√
2)eLγ μW−μ νL + h.c.
= (g/√2)eL
(
1 + γ5
2
)
γ μW−μ νL + h.c. (33)
One can confirm that the first expression in LW is invariant
under the pseudo C-symmetry (30) and (32) together with
W−μ (x) → W+μ (x), while the second identical expression
of LW vanishes under the same pseudo C-symmetry [12–
14]. The pseudo C-symmetry is thus operatorially ill-defined.
This illustrates that an attempt to directly use the pseudo C-
symmetry in neutrino phenomenology will be complicated.
The pseudo C-transformation changes the chirality, as
compared to the ordinary C-conjugation and, to our knowl-
edge, a “consistent CP symmetry” defined as the combination
of the pseudo C-symmetry and a physically sensible parity
operation, which may be used for weak interactions, has not
been given. In other words, the analysis of CP breaking in
weak interactions has been performed using the CP transfor-
mation defined for chiral components in the seesaw model
(26) combined with the PMNS parameters (mixing angles
and phase). The special property compared to the Standard
Model without neutrino masses is that the neutrino number
is not conserved as is indicated by the classical Majorana
condition and also by the explicit form of the Lagrangian
(26).
3 Seesaw formulation with Bogoliubov transformation
A way to avoid the use of the pseudo C-symmetry in the
analysis of the seesaw model is to use the idea of a relativis-
tic analogue of the Bogoliubov transformation [12–14]. We
illustrate the basic procedure by analyzing the single gener-
ation model for which we can work out everything explicitly
by assuming CP invariant real mass parameters. We define a
new Dirac-type variable
ν(x) ≡ νL(x) + νR(x) (34)
in terms of which the above Lagrangian is re-written as
L = (1/2){ν(x)[i  ∂ − m D]ν(x)
+ νC (x)[i  ∂ − m D]νC (x)}
− (1/4)[νC (x)ν(x) + ν(x)νC (x)]
− (5/4)[νC (x)γ5ν(x) − ν(x)γ5νC (x)], (35)
where 1 = m R + mL and 5 = m R − mL . The C and P
transformation rules of ν(x) are defined by
νC (x) = Cνν(x)C†ν = C ν¯T (x), νP (x) = Pψ(x)P†
= iγ 0ν(t,−x), (36)
and thusν(x) ↔ νC (x)under C andνC (x) → iγ 0νC (t,−x)
under P; CP is given by
νC P (x) = iγ 0C ν¯T (t,−x).
The above Lagrangian (35) is CP conserving, although C and
P (iγ 0-parity) are separately broken by the last term for real
m D , mL and m R . Note that here we are using the standard
charge conjugation and parity transformation for Dirac fields.
To solve (35), we apply an analogue of Bogoliubov trans-
formation between two sets of quantum fields, (ν, νC ) →
(N , N C ), defined as
(
N (x)
N C (x)
)
=
(
cos θ ν(x) − γ5 sin θ νC (x)
cos θ νC (x) + γ5 sin θ ν(x)
)
, (37)
with sin 2θ = (5/2)/
√
m2D + (5/2)2. We can then show
that the anticommutators are preserved, i.e. {N (t, x),
N C (t, y)} = {ν(t, x), νC (t, y)}, and thus it satisfies the
canonicity condition of the Bogoliubov transformation. A
transformation analogous to (37) is used in the analysis of
neutron-antineutron oscillations [12,13].
After the Bogoliubov transformation, which diagonalizes
the Lagrangian with 1 = 0, L in (35) becomes
L = 1
2
[
N (x) (i  ∂ − M) N (x) + N C (x) (i  ∂ − M) N C (x)
]
−1
4
[N C (x)N (x) + N (x)N C (x)], (38)
with the mass parameter
M ≡
√
m2D + (5/2)2. (39)
The Lagrangian (38) is invariant under the charge conju-
gation defined by N C (x) = C N (x)T and the iγ 0-parity
defined by N (x) → iγ 0 N (t,−x) and thus N C P (x) →
iγ 0 N C (t,−x). The essence of the present Bogoliubov trans-
formation is a CP-preserving canonical transformation which
modifies the charge conjugation properties; for example,
ν ↔ νC does not lead to N ↔ N C in (37) in the operatorial
sense, although the relation N C = C N T is maintained. It is
crucial that C-noninvariant fermion number violating “con-
densate” with 5 in (35) is converted to a C-invariant Dirac
mass term of the Bogoliubov quasiparticle N (x) in (38). A
transformation to a theory of the Bogoliubov quasiparticle
N (x), which preserves both C and P, is a key to bypass the
use of the pseudo C-symmetry. The parameter 5 is an ana-
logue of the energy gap in the BCS theory.
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The Lagrangian (38) is exactly diagonalized by
ψ+(x) = 1√
2
(N (x) + N C (x)),
ψ−(x) = 1√
2
(N (x) − N C (x)), (40)
in the form
L = 1
2
{ψ+[i  ∂ − M+]ψ+ + ψ−[i  ∂ − M−]ψ−}, (41)
with masses M± = M ± 1/2. The charge conjugation and
iγ 0-parity properties, which are induced by the transforma-
tion properties of N (x), are
ψC± (x) = ±ψ±(x), ψ P± (x) = iγ 0ψ±(t,−x), (42)
and thus define massive Majorana fermions.
It is straightforward to define the unitary charge conjuga-
tion operator CM for the free fermions ψ±(x), which satisfies
CMψ+(x)C†M = Cψ+(x)
T = ψ+(x),
CMψ−(x)C†M = Cψ−(x)
T = −ψ−(x), (43)
with CM |0〉M = |0〉M = |0〉N , following the procedure in
the textbook [15]; in fact, the operator charge conjugation
has the form CM = exp[iπ nˆψ−], with the number operator
nˆψ− =
∑
p,s a
†
ψ−aψ− of ψ−(x), and thus acts on ψ+(x) in a
trivial manner.
The original neutrino is expressed in terms of the Majorana
fermions ψ± if one uses (37) as
ν(x) = [(cos θ + sin θγ5)/
√
2]ψ+(x)
+[(cos θ − sin θγ5)/
√
2]ψ−(x), (44)
and νc(x) = [(cos θ − sin θγ5)/
√
2]ψ+(x) − [(cos θ +
sin θγ5)/
√
2]ψ−(x), but the unitary C operations on ψ± →
±ψ± in (44) do not reproduce νc(x), reflecting the C break-
ing in the original Lagrangian (35).
The Majorana fields ψ±(x) are the solutions of the
exactly solvable Lagrangian (12). The vacuum defined by
ψ
(+)
± (x)|0〉M = 0 is thus sufficient for all practical applica-
tions. But we encountered an analogue of Bogoliubov trans-
formations, and thus it is interesting to examine the possi-
ble multiple-vacua structure. If one should define the vac-
uum by Cν(0)|0〉ν = |0〉ν , then |0〉M = |0〉ν , since one
notes that Cν = CM if one defines Cνν(x)C†ν = νc(x). In
any case, Cν(t) is time-dependent since the C-transformation
thus defined is not a symmetry of the Lagrangian (12). This
implies that the vacuum of the Majorana fermions is differ-
ent from the vacuum of the starting chiral fermions, when
the latter are regarded as the chiral components of the Dirac
neutrino field [12–14,17].3
3 In the diagonalization of (12), one uses a unitary transformation U of
original chiral variables νL ,R to mass eigenstates ν˜L ,R as in (17). This
4 Discussion and conclusion
The conventional formulation of the seesaw mechanism [2,
4–6] customarily involves the use of a “pseudo C-symmetry”
to define the Majorana fermions, to account for the phe-
nomenological success of the seesaw mechanism. In this
paper we have clarified the origin of this pseudo C-symmetry
in the CP invariance of the quadratic seesaw Lagrangian. In
principle, it is defined for any fermions such as charged lep-
tons and quarks in the SM also. The pseudo C-symmetry
is thus very general, but it is operatorially undefined as we
explicitly demonstrated, which is a mathematical fact. The
CP symmetry breaking in weak interactions is analyzed using
the CP symmetry of the chiral components appearing in the
mass diagonalized seesaw Lagrangian (26) combined with
the PMNS mixing matrix. The pseudo C-symmetry is effec-
tive to identify the Majorana neutrinos, although a similar
identification is performed by the classical Majorana condi-
tion also. It is hoped that the present analysis of the pseudo C-
transformation will stimulate further analyses of this intrigu-
ing symmetry appearing in the mass generation of Majorana
neutrinos.
The operatorial indefiniteness of the pseudo C-symmetry
motivated us to reformulate the seesaw Lagrangian by rewrit-
ing it in a form analogous to the BCS theory [12–14]. Then a
relativistic analogue of Bogoliubov transformation leads to
Majorana fermions in an algebraically well-defined manner.
The discrepancy between the C conjugation expected from
the original Lagrangian in the Dirac neutrino limit and the
C conjugation in the picture of Majorana neutrinos is taken
care of by an analogue of Bogoliubov transformation. The
Bogoliubov transformation belongs to a class of canonical
transformations which are more general than the familiar
orthogonal or unitary transformations. We emphasize that in
this treatment, connecting νL and νR by charge conjugation
and parity into a Dirac field as in (34) is a justified option
and it is in the spirit of Bogoliubov’s approach to the BCS
theory.4
The present work was initiated when one of us (KF) was
visiting Institute of High Energy Physics (IHEP), Chinese
Academy of Sciences, Beijing. KF thanks Zhi-zhong Xing
and Shun Zhou for critical comments and hospitality at IHEP.
Footnote 3 continued
transformation mixes the fermion and anti-fermion and in this sense
changes the definition of the vacuum.
4 Alternatively, we mention the use of a generalized Pauli–Gürsey
transformation. Pauli introduced the canonical transformation into neu-
trino physics. The generalized Pauli–Gürsey transformation based on
group U (6), which is a canonical transformation and mixes fermions
and antifermions and thus induces multiple vacua with C defined on
each vacuum, reproduces the result of our Bogoliubov transformation.
See [18].
123
  752 Page 8 of 8 Eur. Phys. J. C           (2019) 79:752 
We thank Masud Chaichian for helpful comments. KF is sup-
ported in part by JSPS KAKENHI (Grant No. 18K03633).
Data Availability Statement This manuscript has no associated data or
the data will not be deposited. [Authors’ comment: This is a theoretical
study and no experimental data has been listed.]
Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
Funded by SCOAP3.
References
1. K.A. Olive et al. (Particle Data Group), Chin. Phys. C 38, 090001
(2014)
2. Z. Xing, Neutrino Physics. In Proceedings of the 1st Asia-
Europe-Pacific School of High-Energy Physics (AEPSHEP), 2012,
published in CERN Yellow Report CERN-2014-001,177-217.
arXiv:1406.7739 [hep-ph]
3. R. Mohapatra, P. Pal, Massive Neutrinos in Physics and Astro-
physics (World Scientific, Singapore, 1991)
4. M. Fukugita, T. Yanagida, Physics of Neutrinos and Application to
Astrophysics (Springer, Berlin, 2002)
5. C. Giunti, C.W. Kim, Fundamentals of Neutrino Physics and Astro-
physics (Oxford University Press, Oxford, 2007)
6. S. Bilenky, Introduction to the Physics of Massive and Mixed Neu-
trinos. Lect. Notes. Phys. 817 (Springer, Berlin, 2010)
7. J.W.F. Valle, J. Romao, Neutrinos in High Energy and Astroparticle
Physics (Wiley, Weinheim, 2015)
8. P. Minkowski, Phys. Lett. B 67, 421 (1977)
9. T. Yanagida, In Proceedings of Workshop on Unified Theory and
Baryon Number in the Universe, ed. by O. Sawada and A. Sug-
amoto (KEK report 79-18, 1979), p. 95
10. M. Gell-Mann, P. Ramond, R. Slansky, in Supergravity, ed. by P.
van Nieuwenhuizen, D.Z. Freedman (North-Holland, Amsterdam,
1979), p. 315
11. R.N. Mohapatra, G. Senjanovic, Phys. Rev. Lett. 44, 912 (1980)
12. K. Fujikawa, A. Tureanu, Phys. Lett. B 767, 199 (2017)
13. K. Fujikawa, A. Tureanu, Phys. Rev. D 97, 055042 (2018)
14. K. Fujikawa, A. Tureanu, Phys. Lett. B 774, 273 (2017)
15. J.D. Bjorken, S.D. Drell, Relativistic Quantum Fields (McGraw
Hill, New York, 1965)
16. S. Weinberg, The Quantum Theory of Fields I (Cambridge Univer-
sity Press, Cambridge, 1995)
17. K. Fujikawa, Phys. Lett. B 781, 295 (2018)
18. K. Fujikawa, Phys. Lett. B 789, 76 (2019)
123
